Let Γ be a finitely generated group and X be a minimal compact Γ-space. We assume that the Γ-action is micro-supported, i.e. for every non-empty open subset U ⊆ X, there is an element of Γ acting non-trivially on U and trivially on the complement X \ U . We show that, under suitable assumptions, the existence of certain commensurated subgroups in Γ yields strong restrictions on the dynamics of the Γ-action: the space X has compressible open subsets, and it is an almost Γ-boundary. Those properties yield in turn restrictions on the structure of Γ: Γ is neither amenable nor residually finite. Among the applications, we show that the (alternating subgroup of the) topological full group associated to a minimal and expansive Cantor action of a finitely generated amenable group has no commensurated subgroups other than the trivial ones. Similarly, every commensurated subgroup of a finitely generated branch group is commensurate to a normal subgroup; the latter assertion relies on an appendix by Dominik Francoeur, and generalizes a result of Phillip Wesolek on finitely generated just-infinite branch groups. Other applications concern discrete groups acting on the circle, and the centralizer lattice of non-discrete totally disconnected locally compact (tdlc) groups. Our results rely, in an essential way, on recent results on the structure of tdlc groups, on the dynamics of their micro-supported actions, and on the notion of uniformly recurrent subgroups.
Introduction
1.1 A simplified version of the main result. Let Γ be a group. Two subgroups Λ, Λ ′ ≤ Γ are commensurate if Λ ∩ Λ ′ has finite index in Λ and Λ ′ . A subgroup Λ ≤ Γ is commensurated in Γ if all Γ-conjugates of Λ are commensurate, or equivalently if the Λ-action on the coset space Γ/Λ has finite orbits. Obviously, every normal subgroup of Γ is commensurated, and so is every subgroup of Γ that is commensurate to a normal subgroup (e.g. the finite subgroups, and the subgroups of finite index). In general commensurated subgroups need not be commensurate to a normal subgroup. For instance every normal subgroup of the group SL(n, Z[1/p]) is finite or finite index, but SL(n, Z) is an infinite and infinite index commensurated subgroup. Also in general the problems of understanding the normal subgroups and of understanding the commensurated subgroups of a group Γ are rather independent, and a complete understanding of the normal subgroups does not necessarily provide a description of the commensurated subgroups. This is for instance illustrated by the case of lattices in higher rank semisimple Lie groups: while Margulis normal subgroup theorem says that every normal subgroup of Γ is finite or finite index, the Margulis-Zimmer conjecture on the description of the commensurated subgroups of Γ remains open in general (see [38] for partial answers). See also §6.1.4 below for another illustration.
The study of the commensurated subgroups of a group Γ is well-known to be closely related to the study of dense homomorphisms Γ → G from Γ to a totally disconnected locally compact group (tdlc group hereafter). Here we call a homomorphism dense if it has dense image in G. Indeed, if Γ → G is such a homomorphism, then the preimage in Γ of every compact open subgroup of G is a commensurated subgroup of Γ. Conversely if Λ ≤ Γ is a commensurated subgroup, then the Schlichting completion process provides a tdlc group Γ/ /Λ and a dense homomorphism Γ → Γ/ /Λ [37] . We refer to [38, Section 3] for a detailed introduction to Schlichting completions (see also [35] for additional properties).
Let Γ be a group acting by homeomorphisms on a topological space X. The rigid stabilizer Rist Γ (U) of a subset U ⊆ X is the pointwise fixator in Γ of the complement of U in X. The action of Γ on X is micro-supported if Rist Γ (U) acts non-trivially on X for every non-empty open subset U of X.
In this article we relate the existence of commensurated subgroups of a group Γ with the topological dynamics of the micro-supported actions of Γ on compact spaces. The following is a simplified version of our main result (see Theorem 5.4 for a more comprehensive statement). Theorem 1.1. Let Γ be a finitely generated group such that every proper quotient of Γ is virtually nilpotent, and let X be a compact Γ-space such that the action of Γ on X is faithful, minimal and micro-supported. If Γ has a commensurated subgroup which is of infinite index and which is not virtually contained in a normal subgroup of infinite index of Γ, then the following hold:
(i) X has a non-empty open subset which is compressible by Γ. In particular Γ is monolithic, hence not residually finite.
(ii) X is an almost Γ-boundary. In particular Γ is not amenable.
We recall some terminology. A subgroup Λ ≤ Γ is virtually contained in Λ ′ ≤ Γ if Λ has a finite index subgroup that is contained in Λ ′ . A group Γ is monolithic if the intersection M of all non-trivial normal subgroups of Γ is non-trivial. When this holds M is called the monolith of Γ.
Let X be a compact Γ-space. A non-empty open subset U of X is compressible by Γ if there exists x ∈ X such that for every neighbourhood V of x, there exists γ ∈ Γ such that γ(U) ⊂ V . The action of Γ on X is strongly proximal if the orbit closure of every probability measure on X contains a Dirac measure, and the action of Γ on X is a (topological) boundary if it is minimal and strongly proximal [14] . We will also say that the action of Γ on X is almost strongly proximal if X admits a Γ-invariant clopen partition X = X 1 ∪ · · ·∪ X d such that for each i, the action of Stab Γ (X i ) on X i is strongly proximal; and X is an almost boundary if X is minimal and almost strongly proximal.
Theorem 1.1, as well as some intermediate results that we establish towards its proof, have several types of applications. The rest of this introduction is aimed at describing them.
1.2 Topological full groups. If Λ is a group acting on a compact space X, the topological full group F(Λ, X) is the group of homeomorphisms g of X such that for every x ∈ X there exist a neighbourhood U of x and an element γ ∈ Λ such that g(y) = γ(y) for every y ∈ U. Topological full groups were first studied in detail by Giordano-Putnam-Skau [16] and Matui [30] , and more recently in [21, 23, 24, 29] (see also the survey [13] for additional references and historical remarks).
We denote by A(Λ, X) ≤ F(Λ, X) the alternating full group introduced by Nekrashevych in [33] . If Λ is a finitely generated group and Λ X is a minimal and expansive action on a Cantor space X, Nekrashevych showed that the group A(Λ, X) is the monolith of F(Λ, X), and is a finitely generated and simple group. When Λ = Z the alternating full group coincides with the derived subgroup of F(Λ, X), and in that case finite generation and simplicity of F(Λ, X) ′ were previously obtained by Matui in [30] . We refer to Section 6.1 for definitions and details.
Applying Theorem 1.1, we obtain the following result:
Let Λ be a finitely generated group, and Λ X a minimal and expansive action on a Cantor space X such that A(Λ, X) X does not admit any compressible open subset. Then every proper commensurated subgroup of the alternating full group A(Λ, X) is finite.
We recall that there exist examples of alternating full groups A(Λ, X) such that the action of A(Λ, X) on X admits compressible open subsets, and such that A(Λ, X) admits commensurated subgroups that are infinite and of infinite index. This is for instance the case of the Higman-Thompson groups V d,k from [22] , which admit a commensurated subgroup such that the associated Schlichting completion is a Neretin group of almost automorphisms of a tree [7] (and it was proven in [28] that V d,k admits infinitely commensurated subgroups). Theorem 1.2 does not say anything about such situations, but we prove in Theorem 6.6 that for every Schlichting completion G of A(Λ, X), the action of A(Λ, X) on X extends to a continuous action of G on X.
An important situation where Theorem 1.2 applies is when X admits a probability measure that is invariant under the action of Λ. Such a probability measure will also be invariant under the action of the full group F(Λ, X). Since the existence of an invariant probability measure prevents the existence of a compressible open subset, we have the following: Corollary 1.3. Let Λ be a finitely generated group, and Λ X be a minimal and expansive action on a Cantor space X. If X carries a Λ-invariant probability measure (e.g. if Λ is amenable), then every proper commensurated subgroup of the alternating full group A(Λ, X) is finite. Corollary 1.3 implies that for every minimal and expansive action of Z d on a Cantor space, every proper commensurated subgroup of A(Z d , X) is finite. Recall that when d = 1, Juschenko and Monod showed that the group F(Z, X) is amenable [23] . One motivation for studying specifically the commensurated subgroups of finitely generated infinite simple amenable groups comes from the fact that, if such a group Γ were known to admit an infinite proper commensurated subgroup Λ, then by results of [9] , the Schlichting completion Γ/ /Λ would admit as a quotient a compactly generated tdlc group that is non-discrete, topologically simple and amenable (see Proposition 3.6 in [12] ). As of now, no example of such group is available (see Question 3 in [12] ). Hence Corollary 1.3 implies that the above strategy to build such a group cannot work by starting with groups such as A(Λ, X). Corollary 1.3 also answers a question raised at the end of [6] . Remark 1.4. The assumptions that Λ is finitely generated and that the action of Λ on X is expansive are both essential; see Example 6.5. Remark 1.5. The conclusions of Theorem 1.2 and Corollary 1.3 hold more generally for an arbitrary subgroup of F(Λ, X) that contains A(Λ, X), with appropriate modifications in the conclusion. See Theorem 6.4.
1.3 Branch groups. As mentionned above, every subgroup of a group Γ that is commensurate to a normal subgroup is commensurated. A group Γ in which every commensurated subgroup is commensurate to a normal subgroup may thus be viewed as a group with as few commensurated subgroups as possible. That property was called "inner commensurator-normalizer property" in [38] . It is equivalent to the fact that every Schlichting completion of Γ is compactby-discrete (see Lemma 5.1) . Recall that a group G is compact-by-discrete if G admits a compact normal subgroup K such that G/K is discrete.
We refer the reader to Section 6.2 for basic definitions and to [20, 3] for a general introduction to branch groups. Theorem 1.6. Let Γ be a finitely generated branch group. Then every commensurated subgroup of Γ is commensurate to a normal subgroup of Γ. Theorem 1.6 recovers and extends a result of Wesolek [41] , who showed the same result under the additionnal assumption that Γ is just-infinite (i.e. every non-trivial normal subgroup of Γ is of finite index).
1.4 Groups acting on the circle. We refer the reader to [15] for an introduction to group actions on the circle. The following result does not formally follow from our main result. Its proof rather relies on intermediate results that we obtain in the course of the proof of Theorem 5.4, suitably combined with the Ghys-Margulis theorem about the topological dynamics of group actions on the circle (see Theorem 6.9). Theorem 1.7. Let Γ be a finitely generated group with a faithful, minimal, micro-supported action on the circle, such that the subgroup of Γ generated by the elements that fix pointwise an open interval has finite index in Γ. Then every commensurated subgroup of Γ is commensurate to a normal subgroup of Γ.
See Example 6.12 for a family of groups to which this result applies. In particular, we recover the fact, first established in [27] , that every proper commensurated subgroup of Thompson's group T is finite. 1.5 Micro-supported actions of locally compact groups. Our results also have applications to the study of non-discrete locally compact groups. We denote by S td the class of compactly generated tdlc groups that are non-discrete and topologically simple. We refer to [12, Appendix A] for a description of various families of examples of groups within this class. Recall from [11] that every group G in S td (and more generally every tdlc group satisfying a condition called [A]-semisimplicity, see Section 3.4) has an associated G-Boolean algebra LC(G) called the centralizer lattice of G, with the property that the action of G on the Stone space Ω G of LC(G) is minimal and micro-supported, and such that every minimal and micro-supported totally disconnected compact G-space is a factor of Ω G [11, Theorem 5.18] . In Section 6.4 we obtain a strengthening of this universal property, by showing that Ω G is the maximal highly proximal extension in the sense of Auslander and Glasner [1] of any minimal and microsupported totally disconnected compact G-space (Theorem 6.15).
In Section 6.4 we also consider the situation of a pair of groups (H, G) such that there exists a continuous homomorphism ϕ : H → G with dense image. Examples of such pairs (H, G) naturally arise in the study of the local structure of groups in the class S td , see [34, Theorem 1.2] and [10] . In this situation, we study the relationship between the centralizer lattice of H and that of G. The following is a simplified version of Theorem 6.17. Theorem 1.8. Let G, H ∈ S td and ϕ : H → G be a continuous injective homomorphism with dense image. If Ω H is non-trivial, then the H-action on Ω G is micro-supported, and there exists a H-map Ω H → Ω G that is a highly proximal extension. In particular Ω G is non-trivial.
This result applies for instance when H is the commensurator in G of an infinite pro-p Sylow subgroup of a compact open subgroup of G (Corollary 6.18). We refer to Section 6.4 for details.
Preliminaries
2.1 Basic notions. Let G be a group acting by homeomorphisms on a Hausdorff space X. Recall that the action of G on X is micro-supported if the rigid stabilizer Rist G (U) acts non-trivially on X for every non-empty open subset U ⊆ X (by extension when G is clear from the context we will also say that the G-space X is micro-supported). Note that for faithful actions this is equivalent to saying that Rist G (U) is non-trivial. Note also that if the action of G on X is micro-supported, then X cannot have isolated points.
The following lemma is immediate from the definitions.
Lemma 2.1. Let G be a group, X, Y topological spaces on which G acts, and π : Y → X a continuous surjective G-equivariant map. Suppose that the action on Y is micro-supported and the action on X is faithful. Then the action on X is micro-supported.
Proof. If U is a non-empty open subset of X, then V = π −1 (U) is also open and non-empty, so it follows that
is non-trivial, and hence Rist G (U) acts non-trivially on X since the action on X is faithful.
If G is a topological group and X, Y are compact G-spaces, a continuous G-equivariant map π : Y → X will be called a G-map. When π is onto, we say that Y is an extension of X, and that X is a factor of Y . We will also say that π : Y → X is an extension or a factor map. A G-map π : Y → X that is also a homeomorphism will be called an isomorphism.
A non-empty subset C ⊂ X is compressible if there exists x ∈ X such that for every neighbourhood U of x, there exists g ∈ G such that g(C) ⊂ U. Note that by definition a compressible subset is necessarily non-empty.
Preliminaries on highly proximal extensions.
In the sequel we will make use of the notion of highly proximal extension [1] . Let G be a topological group, and X, Y compact G-spaces. An extension π : Y → X is highly proximal if for every non-empty open subset U ⊆ Y , there exists x ∈ X such that π −1 (x) ⊆ U. When X, Y are minimal, this is equivalent to saying that for some
Auslander and Glasner showed that every minimal compact G-space X admits a highly proximal extension π : X * → X with the property that for any highly proximal extension p : Y → X there exists a G-map p ′ : X * → Y such that π = p • p ′ , and such that any highly proximal extension of X * is an isomorphism. Such a X * is necessarily unique up to isomorphism, and is called the maximal highly proximal extension of X [1] .
Following [1] , we say that X, Y are highly proximally equivalent, denoted X ∼ hp Y , if X and Y admit a common highly proximal extension. Since any highly proximal extension Z → X gives rise to an isomorphism between Z * and X * , being highly proximally equivalent is indeed an equivalence relation. We refer to [1] for details. Lemma 2.2. Let X, Y be minimal compact G-spaces that are highly proximally equivalent. Then X is an almost G-boundary if and only if Y is an almost G-boundary.
Proof. By considering a common highly proximal extension, we see that it is enough to prove the statement for every highly proximal extension π : Y → X.
Suppose that the G-action on X is almost strongly proximal, and let X = X 1 ∪ · · · ∪ X d be a G-invariant clopen partition such that for each i, the action of
clopen partition of Y , and the restriction π |Y i : Y i → X i is a highly proximal extension between the G i -spaces Y i and X i . Therefore minimality of X i under the action of G i is inherited by Y i , and so is strong proximality by [18, Lemma 5.2] (the proof is given there for almost one-toone extensions, but the same argument applies to highly proximal extensions).
Conversely, since minimality and strong proximality are inherited by factors, it is clear that if Y admits a clopen partition as above, then the push-forward of this partition in X via π provides a partition of X (although distinct blocks might have the same image) with the required properties.
The following shows that the properties of being micro-supported and of having compressible open subsets behave nicely with respect to highly proximal extensions. Proposition 2.3. Let π : Y → X be a highly proximal extension between compact G-spaces. Then the following hold:
If in addition X, Y are minimal, then: Proof. (i) Let g ∈ Rist G (A). Suppose for a contradiction that there exists y ∈ Y such that y / ∈ π −1 (A) and g(y) = y. Since π −1 (A) is closed, we may find an open neighbourhood W of y such that W ∩ g(W ) = ∅ and W ∩ π −1 (A) = ∅. Since the extension is highly proximal, there exists x ∈ X such that π −1 (x) ⊆ W , and x / ∈ A because x belongs to π(W ), which is disjoint from V . Moreover we have g(x) = x because g(π −1 (x)) ∩ π −1 (x) is empty, so we deduce that g / ∈ Rist G (A), which is our contradiction.
(ii) Suppose X is micro-supported. Let U be a non-empty open subset of Y . Denote by V the set of points x ∈ X such that π −1 (x) ⊆ U. The subset V is open, and V is non-empty since the extension is highly proximal. Let now W be a non-empty open subset of V such that W ⊂ V . We have π −1 (W ) ⊆ π −1 (V ) ⊆ U. According to (i), one has Rist G (W ) ≤ Rist G (U). Now since X is micro-supported, one can find x ∈ W and g ∈ Rist G (W ) such that g(x) = x, and it follows that g(y) = y for every y ∈ π −1 (x). So we have shown that Rist G (U) acts non-trivially on U, and since U was arbitrary, it follows that Y is micro-supported.
For the converse implication, we let V be a non-empty open subset of X, and write U = π −1 (V ). If Y is micro-supported then one can find g ∈ Rist G (U) and W an open subset of U such that W and g(W ) are disjoint. Then any point x ∈ V such that π −1 (x) ⊆ W is moved by g, and since g ∈ Rist G (V ), it follows that Rist G (V ) acts non-trivially on V , and X is micro-supported.
(iii) Suppose that A ⊆ X is compressible, and write B = π −1 (A). Let U be a non-empty open subset of Y , and let V the set of points x ∈ X such that π −1 (x) ⊆ U. Again V is open and non-empty, so using that A is compressible in X and minimality, we find g ∈ G such that g(A) ⊆ V . It follows that g(B) ⊆ π −1 (V ) ⊆ U. Since U was arbitrary, B is compressible. 
Rubin's theorem.
A given group Γ may very well admit minimal and micro-supported actions on compact spaces X and Y that are not isomorphic. For example Thompson's group T admits such actions respectively on the circle and on a Cantor set [5] . More generally if Γ admits a minimal and microsupported action on a Cantor set X, then by Proposition 2.3 the action of Γ on the maximal highly proximal extension X * remains micro-supported, and X and X * are never isomorphic, because X and X * are not even homeomorphic (see below). However we have the following theorem of Rubin [36] . If X is a topological space, we denote by R(X) the Boolean algebra of regular open subsets of X.
Theorem 2.4. Suppose that a group Γ admits a faithful and micro-supported action on topological spaces X, Y . Then there exists a Γ-equivariant isomor-
For a compact space X, we denote byX = S(R(X)) the Stone space of R(X). Since R(X) is a complete Boolean algebra,X is a compact extremally disconnected space (the closure of every open subset is open). There is a natural map π X :X → X, which associates to every ultrafilter on R(X) its limit in the space X. This map is continuous and surjective, and has the property that every non-empty open subset ofX contains a fiber π −1 (x) for some x ∈ X. Observe that every homeomorphism h of X induces a homeomorphism ofX, that we still denote h, such that π X • h = h • π X .
If Γ is a discrete group and X a minimal compact Γ-space, the above discussion says thatX is also a minimal compact Γ-space, and π X :X → X is a highly proximal extension. Moreover sinceX is extremally disconnected, it is actually the maximal highly proximal extension of X ([19, Lemma 2.3]). (See [43] for a generalization to non-discrete groups). The following is a consequence of Rubin theorem and Proposition 2.3. Theorem 2.5. Let Γ be a discrete group, and X a compact Γ-space that is faithful and micro-supported. Then:
(i) The action of Γ onX is faithful and micro-supported.
(ii) For every compact Γ-space Y that is faithful and micro-supported, there is a factor mapX → Y that is highly proximal.
(iii) If X is minimal thenX is minimal. Hence all compact Γ-space that are faithful and micro-supported are minimal and highly proximally equivalent. Proof. The Γ-action onX is faithful because the Γ-action on X is faithful. Since π X :X → X is highly proximal and X is micro-supported, the action of Γ oñ X is micro-supported by Proposition 2.3. This shows (i). Let Y be a compact Γ-space that is faithful and micro-supported, and let π Y :Ỹ → Y . If ϕ :X →Ỹ is an isomorphism that is provided by the conclusion of Rubin theorem, then π Y • ϕ is factor mapX → Y that is highly proximal. So statement (ii) holds, and (iii) and (iv) follow from Proposition 2.3. We will invoke the following result from [40] . We will also need the following, see [32] . 
3.3
The upper structure of compactly generated tdlc groups. We say that a locally compact group G is just-non-compact if G is not compact and every proper quotient of G by a closed normal subgroup is compact. Justnon-compact groups arise naturally as quotient groups of compactly generated non-compact tdlc groups. Proposition 3.4. Let G be a non-compact, compactly generated tdlc group. Then G has a closed normal subgroup N such that G/N is just-non-compact. If in addition G does not have any non-trivial finite quotient, then the quotient G/N is compactly generated and topologically simple.
Proof. The first assertion is [9, Proposition 5.2]. The second assertion follows from the first, together with the description of the structure of compactly generated just-non-compact tdlc groups from [9, Theorem E].
Note however that the just-non-compact quotient group afforded by Proposition 3.4 can in general be discrete. In fact, every compactly generated tdlc group with an infinite discrete quotient admits a just-non-compact discrete quotient (because every finitely generated infinite group admits a just-infinite quotient). In order to deal with discrete quotients, we need additional terminology.
Given a locally compact group G, the discrete residual of G, denoted by Res(G), is defined as the intersection of all open normal subgroups of G. Notice that Res(G) is a closed topologically characteristic subgroup of G. We say that G is residually discrete if Res(G) = 1. The following result is due to G. Willis [42] .
Proposition 3.5. Let G be a compactly generated tdlc group. If G is virtually nilpotent, then G has a basis of identity neighbourhoods consisting of compact open normal subgroups. In particular G is residually discrete and compact-bydiscrete.
The goal of this section is to establish Theorem 3.13, which ensures the existence of a specific kind of quotient groups for compactly generated tdlc groups whose discrete residual is also compactly generated. This requires several intermediate results that are of independent interest. Recall that a locally compact group G is locally elliptic if every compact subset of G generates a compact subgroup of G. The locally elliptic radical (LE-radical) of G is the largest closed normal subgroup of G that is locally elliptic.
Proposition 3.7. Let G be a tdlc group. If G and Res(G) are both compactly generated, then the following assertions hold, where R 0 = G and for all n ≥ 0, the group R n+1 is defined as R n+1 = Res(R n ).
(iii) R n is compactly generated for all n.
Proof. By hypothesis, the groups R 0 and R 1 are compactly generated. Moreover the group R 0 /R 1 is residually discrete, so that by Proposition 3.6, there exists an open normal subgroup N 1 of G containing R 1 and such that N 1 /R 1 is compact.
Since R 1 is compactly generated, the quotient R 1 /R 2 is compactly generated and residually discrete. It then follows from Proposition 3.6 that R 1 /R 2 has a compact open normal subgroup. In particular, there exists a closed normal subgroup
discrete, the quotient group N 1 /N 2 is compactly generated and discrete-by-compact. Therefore N 1 /N 2 is compact-by-discrete (see [2, Lemma 4.4] ). It follows that G/N 2 is compact-by-discrete. In particular
Since R 1 is compactly generated, we infer that N 2 is compactly generated as well. It follows that the locally elliptic group N 2 /R 2 is compactly generated, hence compact. Therefore R 1 /R 2 is compact, and R 2 is also compactly generated.
It remains to show that R 3 = R 2 . We know that R 2 /R 3 is compactly generated and residually discrete. Repeating the arguments of the previous paragraph using , we construct a closed normal subgroup
is compactly generated and discrete-by-compact. Therefore N 1 /N 3 is compactby-discrete. As above, this implies that R 1 /N 3 is compact, so that R 2 /N 3 is also compact, and N 3 is compactly generated. This implies in turn that the locally elliptic group N 3 /R 3 is compactly generated, hence compact. This finally implies that
In other words, we have R 2 = R 3 , as required.
A special situation where the hypotheses of Proposition 3.7 are satisfied is described in the following. Proof. Clearly G is compactly generated by hypothesis. Since G/ Res(G) is residually discrete, Proposition 3.6 ensures that there exists an open normal subgroup N of G containing Res(G) and such that N/ Res(G) is compact. In particular Res(G) is compactly generated, since N has this property by hypothesis.
We shall prove the following result, which is a slight strengthening of [9, Proposition II.1]. A normal subgroup N of G is maximal if N is proper and every normal subgroup M of G containing N is equal to N or G; and N is minimal if N is non-trivial and every normal subgroup M of G contained in N is equal to 1 or N. Proposition 3.9. Let G be a non-trivial compactly generated tdlc group with Res(G) = G. Let Max (resp. Min) be the collection of maximal (minimal) closed normal subgroups of G. Assume that Max = 1. Then:
(i) Min and Max are finite and non-empty.
(ii) The assignment N → C G (N) establishes a bijective correspondence from
Min to Max. Moreover N is the unique element of Min that is not contained in C G (N).
(iii) The product of all elements of Min is dense in G.
(iv) Every element of Min is a non-discrete compactly generated topologically simple tdlc group.
Proof. The hypotheses imply that Max is non-empty. Moreover, for every M ∈ Max, the quotient G/M is topologically simple and non-discrete since G = Res(G).
We claim that G has a trivial center. Indeed, if z were a non-trivial element in Z(G), then there would exist M ∈ Max not containing z, because Max = 1. The image of z in G/M would be a non-trivial central element, contradicting that G/M is topologically simple and non-discrete (in particular infinite, thus non-abelian).
All the hypotheses of Proposition II.1 in [9] are thus fulfilled. We deduce that the assertions (i), (iii) and the first assertion of (ii) hold.
Let N ∈ Min. The group N maps onto a dense normal subgroup of the topologically simple quotient group G/M. As observed in the proof of Proposition II.1 in [9] , the group R has trivial quasi-center and trivial LE-radical. In particular the group N is non-abelian, non-compact and non-discrete. It follows that M ∩ N = 1, where M = C G (N). Since M ∈ Max by (ii), we infer that N embeds as a dense normal subgroup of G/M.
Any N ′ ∈ Max not contained in M commutes with M. If there existed such a group N ′ distinct from N, it would commute with N. Thus N and N ′ would be two commuting subgroups of G, both of which embed as dense normal subgroup of G/M. This is implossible, because a Hausdorff group containing two commuting dense subgroups must be abelian, whereas G/M is topologically simple and non-discrete, hence non-abelian. This confirms that N is the unique element of Min that is not contained in C G (N).
Let π : G → G/M be the canonical projection, let U be a compact open subgroup of G and let V = N ∩U. Then ϕ(U) is a compact open subgroup of G/M, and ϕ(V ) is a closed normal subgroup of ϕ(U). Since N is a minimal normal subgroup of G, it is generated by the G-conjugacy class of V . Equivalently, the group ϕ(N) is generated by the (G/M)-conjugacy class of ϕ(V ). By Proposition 4.1(ii) in [12] , there is a finite subset
Since N ∈ Min, it is topologically characteristically simple. We may therefore invoke [9, Corollary D], ensuring that N has closed normal subgroups S 1 , . . . , S k which are topologically simple, and such that N = S 1 . . . S k . For each i, observe that ϕ(S i ) is a non-trivial subgroup of G/M normalized by ϕ(N), which is dense. Since G/M is topologically simple, we infer that ϕ(S i ) is dense. Since S i ∩ S j = 1 for i = j, we see that S i and S j commute. Since a Hausdorff group containing two commuting dense subgroups must be abelian, we deduce that k = 1. Therefore N is topologically simple.
Remark 3.10. Let G be a compactly generated, topologically characteristically simple tdlc group. If G is non-compact and non-discrete, then Proposition 3.6 implies that Res(G) = G. Moreover [9, Theorem A] ensures that the set Max of maximal proper closed normal subgroups of G is non-empty. Hence Max is trivial since G is topologically characteristically simple. Therefore Proposition 3.9 applies to G. This refines slightly the description in [9, Corollary D(iv)] by ensuring that the minimal normal subgroups of G are compactly generated.
A locally compact group G is monolithic if the intersection M of all nontrivial closed normal subgroups of G is non-trivial. In that case M is called the monolith of G. Note that M is topologically characteristically simple, so that by the previous remark we have the following. Proposition 3.11. Let G be compactly generated, monolithic, tdlc group. If the monolith M of G is non-discrete, non-compact and compactly generated, then the group M satisfies the conclusions of Proposition 3.9.
The following observation shows that monolithic groups arise naturally as quotients of groups admitting minimal normal subgroups. 
Proof. (Compare the proof of Corollary 3.3 in [12] .) Since N is non-abelian, it is not contained in C G (N), so that C G (N)N /C G (N) is a non-trivial closed normal subgroup of G/C G (N). In order to complete the proof, we must show that every closed normal subgroup M of G containing C G (N) as a proper subgroup, also contains N. If the inclusion C G (N) < M is strict, then M does not commute with N and, hence M ∩ N = 1. Since N is minimal, it follows that N ≤ M, as required.
Theorem 3.13. Let G be a compactly generated tdlc group such that Res(G) is also compactly generated. If G is not compact-by-discrete, then G has a closed normal subgroup N such that the quotient H = G/N enjoys the following properties.
(i) H is monolithic, and its monolith M is compactly generated, non-compact and non-discrete.
(ii) M has closed normal subgroups S 1 , . . . , S k which are compactly generated, topologically simple and non-discrete, and such that M = S 1 . . . S k .
Proof. We start by invoking Proposition 3.7. This ensures that R = Res(Res(G)) is a compactly generated closed normal subgroup of G such that G/R is compactby-discrete and Res(R) = R. Since G is not compact-by-discrete, we deduce that R is non-trivial. It follows from [9, Theorem A] that R admits a maximal proper closed normal subgroup M.
Furthermore, by the definition of R ′ , we see that the intersection of all maximal proper closed normal subgroups of R ′ is trivial. It follows that the structure of R ′ is subjected to Proposition 3.9. By the definition of G ′ , the intersection of all G ′ -conjugates of M ′ is trivial. In view of Proposition 3.9(ii), it follows that every maximal proper closed normal subgroup of R ′ is conjugate to M ′ in G ′ . Since every proper closed normal subgroup of R ′ is contained in a maximal one (by Zorn's lemma, using that R ′ is compactly generated), it follows that the only closed normal subgroup of G ′ that is properly contained in R ′ is the trivial subgroup. In other words, we have established that R ′ is a minimal non-trivial closed normal subgroup of G ′ .
We finally set
we infer that H/M is isomorphic to a quotient of G ′ /R ′ . Since G ′ /R ′ is compactby-discrete, and since every Hausdorff quotient of a compact-by-discrete group is itself compact-by-discrete, we deduce that H/M is compact-by-discrete. Since R ′ is a quotient of R, it is compactly generated. Since it maps onto a dense subgroup of M, it follows that M is compactly generated. Since Res(R ′ ) = R ′ , we deduce that Res(M) = M. In particular M possesses maximal proper closed normal subgroups by Theorem A in [9] . Since M is minimal normal in H, the intersection of all its maximal proper closed normal subgroups is trivial, and the remaining assertion to be established follows from Proposition 3.9.
3.4 The centralizer lattice. Let G be a tdlc group. A subgroup of G whose normalizer is open is called locally normal. Following [11, 12] , we say that
and if the only abelian locally normal subgroup of G is the trivial subgroup. The notation QC G (M) has been recalled in Section 3.2. Two closed subgroups K, L of a tdlc group G are called locally equivalent if K ∩ L is relatively open in both K and L. Following [11] , we define the structure lattice LN (G) of a tdlc group G as the set of local classes of closed locally normal subgroups of G. The class of a locally normal subgroup K will be denoted [K] . Note that the group G acts by conjugation on LN (G). The structure lattice LN (G) contains a canonical subset LC(G), called the centralizer lattice, consisting of the local classes of centralizers of locally normal subgroups of G. It was shown in [11] that the map ⊥ : LC(G) → LC(G),
, is well-defined and the operations
turn LC(G) into a Boolean algebra. In addition we have the following result (see Theorem 5.2 and Theorem 5.18 in [11] ). The Stone space of a Boolean algebra A will be denoted by S(A).
Theorem 3.15. If a tdlc group G is [A]-semisimple, then the centralizer lattice LC(G) is a Boolean algebra, and the following hold:
(i) If G acts faithfully on LC(G), then the G-action on Ω G = S(LC(G)) is continuous and micro-supported.
(ii) Every totally disconnected compact G-space on which the G-action is faithful and micro-supported is a G-factor of Ω G .
The following result addresses the case where the G-action on LC(G) is not necessary faithful. We recall that every Boolean algebra A is naturally endowed with a partial order ≤, defined by α ≤ β if α ∧ β = α for all α, β ∈ A. The partial order ≤ coincides with the relation of inclusion of clopen subsets of the Stone space S(A). Given a subset H of a group G, we denote by
). Proposition 3.16. Let G be an [A]-semisimple tdlc group, D ≤ G be a dense subgroup and Y be a totally disconnected compact G-space. Assume that the D-action on Y is micro-supported and faithful.
Then the assignment α → [C 2 G (Rist D (α))] defines an injective order-preserving map from the Boolean algebra A of clopen subsets of Y into the centralizer lattice LC(G).
In particular it is a locally normal subgroup of G.
Therefore C G (Rist D (α)) = C G (Rist D (α)) is a closed locally normal subgroup as well, and so is also C 2 G (Rist D (α)). By the definition of LC(G) (see [11, Definition 5.1]), the local classes [C G (Rist D (α))] and [C 2 G (Rist D (α))] both belong to LC(G).
For α ∈ A, we set
We claim that if α is non-empty, then f (α) is a non-zero element of LC(G).
If f (α) = 0, then C 2 G (Rist D (α)) is discrete, and thus contained in the quasicenter QZ(G), which is trivial since G is [A]-semisimple by hypothesis. Since
) and hence f (α) ≤ f (β). It follows that the map f : A → LC(G) is order-preserving. This implies in particular that for all
We next claim that if β ∩γ = ∅, then f (β)∧f (γ) = 0. Indeed, if β and γ are disjoint, then Rist D (β) and
It remains to prove the injectivity of f . To this end, let α, β ∈ A with α = β. Upon swapping α and β, we may assume that α ≤ β. Equivalently there exists a non-
Since γ is non-empty, this would contradict the claim established above. Thus f (α) = f (β), as required.
3.5 Dynamical features of micro-supported actions of non-discrete groups. The dynamics of the action of a compactly generated [A]-semisimple group G on the Stone space Ω G of the centralizer lattice of G has been studied in [12, Theorem 6.19] under the assumption that the G-action on Ω G is faithful.
Recall from Proposition 3.14 that a compactly generated monolithic tdlc group G whose monolith is compactly generated, non-compact and non-discrete is [A]-semisimple. In particular the centralizer lattice LC(G) is a Boolean algebra. Its Stone space, denoted by Ω G , is thus a totally disconnected compact G-space.
Theorem 3.17. Let G be a compactly generated monolithic tdlc group, and assume that the monolith M is compactly generated, non-compact and nondiscrete. Let Ω G be the Stone space of LC(G).
Moreover, any totally disconnected compact G-space X on which the Gaction is faithful and micro-supported is a factor of Ω G , and enjoys the following properties:
(ii) The M-action on X is micro-supported.
(iii) The G-action on X has a compressible clopen subset.
(iv) The G-action on X is minimal.
(v) Let S 1 , . . . , S d be the minimal non-trivial closed normal subgroups of M.
For each i, let X i be the complement of the fixed-point-set of S i in X. Then X i is clopen and X = d i=1 X i is a clopen partition of X. Furthermore, the S i -action on X i is minimal, strongly proximal, micro-supported, and has a compressible clopen subset. In particular M is not amenable.
Proof. Recall that the fact the S i exist and form a finite set is guaranteed by Proposition 3.11. Moreover each S i is a non-discrete compactly generated topolgically simple group, and S 1 · · · S d is a dense subgroup of M.
We argue by contradiction and assume that the G-action on Ω G is not faithful. In particular M acts trivially on Ω G .
For each i, we define
Since M acts trivially on LC(G), for every [K] ∈ LC(G) the group QC M (K) is equal to C M (K) and is a closed normal subgroup of M by [11, Theorem 3.19 ]. In particular since S i is a minimal normal subgroup of M, either S i ≤ C M (K) or S i intersects C M (K) trivially. So ω i ([K]) = 0 if and only if S i commutes with K, if and only if S i ∩ K = 1 [11, Theorem 3.19 ].
We claim that ω i is a homomorphism of Boolean algebras. By the previous paragraph we have ω [11, Theorem 3.19] , and hence S i ∩ H would be abelian because by assumption S i commutes with C G (K) since ω i ([K]) = 1. Hence S i ∩ H would be an abelian locally normal subgroup of S i , which is non-trivial because ω i ([H]) = 1. This contradicts [12, Theorem 5.3] . So S i ∩ H ∩ K = 1, and ω i ([H ∩ K]) = 1. This shows the claim. Now for [K] ∈ LC(G), K = 1, the subgroup K cannot commute will all the S i , because otherwise K would commute in M and M has trivial centralizer. So there exists i such that ω i ([K]) = 1. This means that every non-empty clopen subset of Ω G contains one ω i , so it follows that Ω G is trivial. Contradiction. So the action of G on Ω G is faithful.
Let now X be a totally disconnected compact G-space on which the G-action is faithful and micro-supported. By Theorem 3.15, the space X is a factor of Ω G . Equivalently, the centralizer lattice LC(G) contains a G-invariant Boolean subalgebra A whose Stone dual is G-equivariantly homeomorphic to X. We may thus identify the clopen subsets of X with the elements of A. Since the G-action on X is faithful, so is the action on A.
For every non-empty clopen α of X, the rigid stabilizer Rist G (α) is a nondiscrete closed locally normal subgroup of G. In view of Proposition 3.14, we may invoke [10, Proposition 7.1.2(i)] which ensures that Rist G (α) ∩ M = Rist M (α) is non-discrete. This proves (ii).
By [10, Proposition 7.3.1], the G-action on X has a compressible clopen subset, thus (iii) holds.
To prove (iv) and (v), we let X i be the complement of the fixed-point-set of S i in X, for each i ∈ {1, . . . , d}. Since the G-action on X is faithful, so is the M-action, and we deduce that X i is non-empty. Moreover M is [A]-semisimple by Proposition3.14. In view of (ii), we may therefore invoke [12, Theorem 6.19] for the M-action on X (the latter result requires that M is locally C-stable, which is a consequence of [A]-semisimplicity by [11, Proposition 6.17] ). This ensures that the X i are pairwise disjoint.
We next claim that for each i ∈ {1, . . . , d}, the S i -action on X i is microsupported and has a compressible clopen subset. Indeed, applying again [12, Theorem 6.19(i)] to the M-action on X, we obtain, for each i, a non-empty clopen α i ⊂ X i such that for every non-empty clopen β in X, there exists i ∈ {1, . . . , d} and g ∈ M with gα i ⊂ β. Let us now fix i ∈ {1, . . . , d} and let us assume that the non-empty clopen β is contained in X i .
Since the M-action is continuous and since the product S 1 . . . S d is dense in M, we can find g ∈ S 1 . . . S d with gα i ⊂ β. Let us write g = g 1 . . . g d with g i ∈ S i . Since β is contained in the fixed-point-set of g j for all j = i, and since X i ∩ X j = ∅, we deduce that g i α i ⊂ β. This proves that α i is a compressible clopen subset for the S i -action on the closure X i .
Notice that Rist M (α i ) is a non-trivial closed locally normal subgroup of M. Using [12, Theorem 6.19(iii)], we deduce that Rist S i (α i ) is non-discrete. Since α i is a compressible clopen subset for the S i -action on X i , it follows that the S i -action on X i is micro-supported. This proves the claim.
Since S i is a compactly generated, non-discrete, topologically simple tdlc group, we may invoke [12, Theorem J(ii)], which ensures that the S i -action on X i is minimal and strongly proximal. In particular S i does not fix any point of X i . Therefore X i = X i , thereby confirming that X i is clopen in X. Since M acts trivially on the complement of i X i , we must have X = d i=1 X i because the G-action is faithful. Thus (v) holds.
We finally observe that the clopen subsets X i are the minimal non-empty M-invariant closed subsets of X. In particular every non-empty G-invariant closed subset contains X i for some i. Since M is the monolith of G, the Gaction by conjugation permutes the set {S 1 , . . . , S d } transitively. Therefore the G-action on X permutes the sets {X 1 , . . . , X d } transitively. In view of (v), we deduce that (iv) holds.
Remark 3.18. We emphasize that the compact generation of the monolith is essential for assertion (iv) in Theorem 3.17. An example illustrating this matter of fact is provided by the group G = Ner(T ) ξ , where T is the d-regular tree, d ≥ 3, ξ is an end of T , and Ner(T ) is the Neretin group of T (which acts on ∂T ). The G-action on ∂T is faithful and micro-supported. Moreover, the group G is monolithic, but its monolith is not compactly generated. The G-action on ∂T has a compressible clopen subset, but it is not minimal as it fixes ξ. a) L is a locally compact group, and X is a compact L-space such that the action of L on X is faithful, minimal and micro-supported. b) ϕ : L → G is a continuous injective homomorphism from L into a second countable tdlc group G, such that ϕ(L) is dense in G.
We emphasize that, while the group G is typically non-discrete, the group L is allowed to be discrete. While the applications in Section 6 that will be obtained in §6.1-6.2-6.3 only deal with the case where L is a discrete group, the setting of §6.4 requires L to be non-discrete, whence this choice for the current section. Notice that if the group L is generated by a subset S, then G is generated by ϕ(S) together with any neighbourhood of the identity because ϕ(L) is dense in G. In particular if L is compactly generated then G is compactly generated as well.
Construction of a URS of G.
Let G be a locally compact group, and denote by Sub(G) the space of closed subgroups of G, endowed with the Chabauty topology. The space Sub(G) is compact, and is metrizable if G is second countable. A closed minimal G-invariant subspace of Sub(G) is called a uniformly recurrent subgroup (URS) of G [17] .
Let X be a compact space. Recall that a map ψ : X → Sub(G) is lower semi-continuous if for every open subset U ⊂ G, the set of x ∈ X such that ψ(x) ∩ U = ∅ is open in X. This is equivalent to saying that for every net (x i ) in X converging to x and such that the net (ψ(x i )) converges to H, one has ψ(x) ⊆ H.
In the sequel we consider L, X, ϕ, G as in the general setting. Observe that the group L has a continuous conjugation action on Sub(G) defined via ϕ. In the sequel we will denote by X ϕ ⊆ X the set of points where the map x → ϕ(L 0
x ) is continuous. Since the group G is second countable, the space Sub(G) is metrizable, so by a general argument of semi-continuity it follows from Lemma 4.1 that X ϕ is a dense subset of X (it is comeager). In the sequel we write
Note that L acts diagonally on X × Sub(G), and F ϕ (X) and E ϕ (X) are closed and L-invariant. In the following statement we denote respectively by p 1 , p 2 the projections from X × Sub(G) to the first and second factor. Recall that an extension π : Y → X between minimal compact G-spaces is almost one-to-one if the set of y ∈ Y such that π −1 (π(y)) = {y} is dense in Y . Note that every almost one-to-one extension is highly proximal. (i) E ϕ (X) is the unique minimal closed L-invariant subset of F ϕ (X), and S ϕ,G (X) is the unique minimal closed G-invariant subset of T ϕ,G (X). In particular S ϕ,G (X) is a URS of G.
(ii) The extension p 1 : E ϕ (X) → X is almost one-to-one, and one has p 2 (E ϕ (X)) = S ϕ,G (X).
Proof. See Theorem 2.3 in [18] . The only additional observation that is needed here is that S ϕ,G (X) is indeed G-invariant, but this is clear since S ϕ,G (X) is L-invariant and L has dense image in G.
4.3
Conditions ensuring that S ϕ,G (X) is infinite. The goal of this section is to exhibit certains conditions ensuring that the space S ϕ,G (X) constructed in Section 4.2 is not degenerate (i.e. is not a finite set), and also conditions ensuring that the action of G on S ϕ,G (X) is faithful.
The following key lemma is the starting point of our discussion. Proof. Let us denote by F x the family of closed subsets of X not containing x.
By definition one has
Γ 0 x = C∈Fx Rist L (C).
Since ϕ(Γ 0 x )H = J, we deduce that J belongs to the closure in Sub(J) of the set ϕ(Rist Γ (C))H : C ∈ F x .
By hypothesis, the group J is compactly generated, and thus it admits a Chabauty neighbourhood consisting of cocompact subgroups (see [4, VIII.5.3, Proposition 6]). Therefore we may find C ∈ F x such that ϕ(Rist Γ (C))H is cocompact in J. Let U be the complement of C in X. Since X is Hausdorff, we may find a non-empty open subset V ⊂ U such that U \V is a neighbourhood of x. Then Rist Γ (V ) centralizes Rist Γ (C) because V and C are disjoint, and since H centralizes ϕ(Γ 0 x ) and ϕ(Rist Γ (V )) ≤ ϕ(Γ 0 x ), we deduce that ϕ(Rist Γ (V )) centralizes ϕ(Rist Γ (C))H. Since the latter is cocompact in J, it folllows that ϕ(Rist Γ (V )) ≤ B(J). Proposition 4.4. Let L, X, ϕ, G as in the general setting, and assume that G is compactly generated. Suppose also that the action of L on X has the property that for every closed subgroup H ≤ L such that the normalizer of H in L has finite index and such that there exists x ∈ X with L 0
x ≤ H, then H must be cocompact in L.
If S ϕ,G (X) is finite, then there exists a non-empty open subset V ⊂ X such that ϕ(Rist L (V )) ≤ B(G).
Proof. By assumption there exists a closed subgroup J ≤ G such that N G (J) has finite index in G and S ϕ,G (X) = J, g 1 Jg −1 1 , . . . , g n Jg −1 n is the conjugacy class of J in G. Let H = ϕ −1 (J). By definition of S ϕ,G (X) we may find x ∈ X such that ϕ(L 0 x ) = J, so in particular L 0 x ≤ H. Moreover the normalizer of H in L has finite index in L, so it follows from our assumption that H must be cocompact in L. Since L has dense image in G, this implies that ϕ(H) is cocompact in G. It follows that J is also cocompact in G, so in particular J is compactly generated. The conclusion follows from Lemma 4.3 using the fact that B(J) ≤ B(G) because J is cocompact in G. Definition 4.6. The action of L on a minimal compact L-space X is strongly just-infinite if for every distinct points x, y in X, the subgroup of L generated by L 0
x and L 0 y has finite index in L. Note that this condition implies that for every non-injective L-map X → Y that is a factor, then Y must be finite. This explains the choice of terminology. Proposition 4.7. Let L, X, ϕ, G as in the general setting, and assume that L is j.n.v.n., that the action of L on X is strongly just-infinite, and that the group G is compactly generated. If S ϕ,G (X) is finite, then G is compact-by-discrete.
Proof. Since the action of L on X is strongly just-infinite, all the assumptions of Proposition 4.4 are satisfied. So if S ϕ,G (X) is finite, then Proposition 4.4 yields an element γ ∈ L such that ϕ(γ) ∈ B(G). Let N = γ G . Thus N is a compactly generated closed normal subgroup of G contained in B(G). It follows from Theorem 3.2 that N is compact-by-discrete. Since N ∩ ϕ(L) is non-trivial, it follows that the image of L in G/N is virtually nilpotent, and hence that G/N is residually discrete by Proposition 3.5. Using [8, Proposition 2.2], we know that a compactly generated tdlc group that is discrete-by-{residually discrete} must be residually discrete, and hence compact-by-discrete by Proposition 3.6. This implies that G is compact-by-discrete, as desired. Proposition 4.8. Let L, X, ϕ, G as in the general setting. Assume that L is j.n.v.n. and that G is compactly generated, monolithic, with a non-discrete, non-compact, compactly generated monolith M, and such that G/M is compacyby-discrete. Then the action of G on S ϕ,G (X) is faithful.
Proof. By Proposition 3.11, the set of minimal normal subgroups of M is finite and non-empty. Its elements are denoted by S 1 , . . . , S d . Thus S i is a compactly generated, non-discrete, topologically simple tdlc group.
Suppose the action of G on S ϕ,G (X) is not faithful. Then M acts trivially on S ϕ,G (X). In the sequel we fix a point x such that ϕ(L 0
. Therefore by minimlity of S 1 , . . . , S d , for each i we have either
Recall that by assumption G/M is compact-by-discrete. Since G is not discrete and L has dense image in G, every discrete quotient of G is a proper quotient of L, and hence is finitely generated virtually nilpotent. Therefore the group G/M is compactly generated and compact-by-{discrete finitely generated virtually nilpotent}, and it follows that every closed subgroup of G/M is compactly generated. In particular J/M is compactly generated, and thus also J since M is compactly generated. Lemma 4.3 therefore implies that B(J) is nontrivial. Since B(M) is trivial, we have B(J) ∩ M = 1 so that B(J) ≤ C G (M). It follows that C G (M) is non-trivial. Since M is the monolith of G, we must have M ≤ C G (M), so M is abelian. In particular M is compact-by-discrete, and we have already seen above that this is prevented by the hypotheses.
4.4
Existence of continuous extensions. The proof of the following proposition is inspired by [26, §4.1.3] (see also [29, Proposition 7.18] ). Proposition 4.9. Let L, X, ϕ, G as in the general setting, and assume that the action of L on X is strongly just-infinite, and that S ϕ,G (X) is infinite. Then the following hold:
(i) There exists a L-map ψ : S ϕ,G (X) → X, and ψ is almost one-to-one.
(ii) The action of L on X extends to an action of G, and the map ψ :
S ϕ,G (X) → X is a G-map.
(iii) If the G-action on S ϕ,G (X) is faithful then the G-action on X is faithful.
Proof. (i) For K ∈ S ϕ,G (X), we define ψ(K) to be the unique x ∈ X such that ϕ(L 0 x ) ≤ K. In order to see that ψ is well-defined, we have to show that such a point x exists and is unique. Recall that there exists a dense subset of points K ∈ S ϕ,G (X) which are of the form ϕ(L 0
x ) for some x ∈ X. So for these points the existence is clear, and the general case where K is arbitrary follows by semi-continuity (Lemma 4.1). Suppose now that there is K for which this point x is not unique. Then by the assumption that the action of L on X is strongly just-infinite and the fact that L has dense image in G, it follows that K is actually a finite index subgroup of G. Hence K has a finite conjugacy class in G, which contradicts the assumption that S ϕ,G (X) is continuous. So x must be unique, and ψ is well-defined.
By semi-continuity again, if (K n ) converges to K in S ϕ,G (X) and x n = ψ(K n ) converges to x, then ϕ(L 0
x ) ≤ K. But ψ(K) is the unique point with this property, so it follows that x = ψ(K). Hence the map ψ is continuous. Note that ψ is clearly L-equivariant.
To show that ψ is almost one-to-one, denote by X ϕ the dense G δ -set of points where the map x → ϕ(L 0
x ) is continuous (Proposition 4.2). Then we claim that
, we may find a net (x i ) in X 0 such that ϕ(L 0
x i ) converges to K, and we may assume that (x i ) converges to some y in X. By semi-continuity ϕ(L 0 y ) ≤ K, so it follows that actually y = x, and consequently K = ϕ(L 0
x ) since x ∈ X ϕ . This proves the claim. (ii) The Gelfand correspondence establishes a bijection between L-invariant C * -sub-algebras of C(S ϕ,G (X)) (the continuous complex valued functions on S ϕ,G (X)) and L-equivariant factors of S ϕ,G (X). The group G acts on S ϕ,G (X), and by density of L in G any L-invariant C * -sub-algebra of of C(S ϕ,G (X)) must be G-invariant. Hence by duality G acts on X extending the action of L, and the map ψ : S ϕ,G (X) → X is G-equivariant.
Finally (iii) easily follows from the fact that ψ is almost one-to-one.
The following result follows from the combination of Proposition 4.8 and Proposition 4.9.
Corollary 4.10. Let L, X, ϕ, G as in the general setting. Assume that L is j.n.v.n. and that the action of L on X is strongly just-infinite. Assume also that G is compactly generated, monolithic, with a non-discrete, non-compact, compactly generated monolith M, and such that G/M is compacy-by-discrete. Then the L-action on X extends to a faithful G-action. [35, 37, 38] . Clearly, every normal subgroup of Γ is commensurated. More generally, every subgroup that is commensurate to a normal subgroup is commensurated. Such subgroups are considered as "trivial examples" of commensurated subgroups. They are characterized as follows. Proof. If Γ/ /Λ is compact-by-discrete, i.e. if Γ/ /Λ has a compact open normal subgroup, then the preimage of that subgroup in Γ is a normal subgroup that is commensurate with Λ.
Conversely, let N be a normal subgroup of Γ that is commensurate with Λ. Denote by ϕ : Γ → Γ/ /Λ the canonical homomorphism, whose image is dense. Then the closure ϕ(N) is a closed normal subgroup of Γ/ /Λ that is commensurate with ϕ(Λ). The latter is a compact open subgroup, so that ϕ(N) is compact and open as well. Thus Γ/ /Λ is compact-by-discrete.
Lemma 5.2. Let Γ be a finitely generated j.n.v.n. group. Let Λ ≤ Γ be a commensurated subgroup which is not commensurate to a normal subgroup. Then the homomorphism Γ → Γ/ /Λ is injective.
If in addition Λ is not virtually contained in a normal subgroup of infinite index in Γ, then H = Γ/ /Λ admits a non-discrete, compactly generated, justnon-compact quotient group G, and the natural homomorphism ϕ : Γ → G is injective with dense image.
Proof. By Lemma 5.1, the Schlichting completion H = Γ/ /Λ is not compactby-discrete. Since Γ is finitely generated, H is compactly generated. If the canonical homomorphism Γ → H were not injective, then H would be virtually nilpotent, hence compact-by-discrete in view of Proposition 3.5.
Since H is compactly generated, it has a closed normal subgroup N such that the quotient G = H/N is just-non-compact (see [9, Proposition 5.2] ). We denote by ϕ the composite homomorphism Γ → H → G. By construction ϕ has dense image.
Assume now that Λ is not virtually contained in a normal subgroup of infinite index in Γ. We claim that G is non-discrete. Indeed, otherwise N would be open in H, and hence its pre-image in Γ would be a normal subgroup of infinite index that contains a finite index subgroup of Λ.
Finally that map ϕ is injective, because otherwise ϕ(Γ) would be virtually nilpotent, and hence G would be virtually nilpotent as well. In view of Proposition 3.5, this implies that G is discrete, which is not the case.
Proposition 5.3. Let Γ be a j.n.v.n. group such that every normal subgroup of Γ is finitely generated. Let Λ ≤ Γ be a commensurated subgroup which is not commensurate to a normal subgroup of Γ.
Then H = Γ/ /Λ has a closed normal subgroup such that the quotient group G satisfies all the conclusions of Theorem 3.13. Moreover the natural homomorphism ϕ : Γ → G is injective with dense image.
Proof. By Lemma 5.1, the Schlichting completion H = Γ/ /Λ is not compactby-discrete. Since every normal subgroup of Γ is finitely generated, it follows that every open normal subgroup of H is compactly generated. In particular Res(H) is compactly generated, by Corollary 3.8. Therefore, we may invoke Theorem 3.13 to build a monolithic quotient G of H with the required properties. The composite map ϕ : Γ → H → G has dense image. If ϕ were not injective, then G would be virtually nilpotent, hence compact-by-discrete, which violates the conclusions of Theorem 3.13.
5.2
The main result. Theorem 1.1 from the introduction is a consequence of the following more comprehensive statement.
Theorem 5.4. Let Γ be a finitely generated j.n.v.n. group, and let X be a compact Γ-space such that the action of Γ on X is faithful, minimal and microsupported. Assume moreover that at least one of the following conditions holds.
(1) Γ has a commensurated subgroup Λ that is of infinite index and that is not virtually contained in a normal subgroup of infinite index of Γ.
(2) Every normal subgroup of Γ is finitely generated, and Γ has a commensurated subgroup Λ that is not commensurate to a normal subgroup.
Then the following assertions hold.
(i) The action of Γ on X is an almost boundary and has compressible open subsets. In particular Γ is monolithic, hence not residually finite.
(ii) There exists a compact Γ-space Y with Y ∼ hp X, such that the Γ-action on Y extends to a continuous H-action, where H = Γ/ /Λ, and the quotient group G = H/K of H by the kernel of that action is monolithic with a nondiscrete, non-amenable, compactly generated monolith M. Furthermore M coincides with Res(G). In particular G/M is compact-by-discrete.
(iii) If in addition the Γ-action on X is strongly just-infinite, then one can take Y = X in (ii).
Proof. We form the Schlichting completion H = Γ/ /Λ, and we invoke Lemma 5.2 or Proposition 5.3 depending on whether we are in situation (1) or (2) . In either case, we find a quotient G of H and an embedding ϕ : Γ → G with dense image and such that G is monolithic with a compactly generated, non-compact, nondiscrete monolith M, and G/M is compact-by-discrete. Consider the space Y := S ϕ,G (X) constructed in Section 4.2. The group G satisfies all the assumptions of Proposition 4.8, so it follows that the G-action on Y is faithful. Now consider the Γ-action on E ϕ (X). The extension E ϕ (X) → X is almost one-to-one by Proposition 4.2, and hence it is highly proximal. Since the Γ-action on X is micro-supported, Proposition 2.3 implies that the Γ-action on E ϕ (X) is micro-supported. Since the Γ-action on Y is also faithful (as the G-action is), it follows that the Γ-action on Y is micro-supported by Lemma 2.1. Hence the G-action on Y is faithful, and also micro-supported as the Γ-action already has this property. Since in addition G is monolithic with a compactly generated, non-compact and non-discrete monolith, we have shown that all the assumptions of Theorem 3.17 are satisfied. The latter therefore implies that the action of G on Y is an almost boundary and has compressible clopen subsets. Since Γ is dense in G, it follows that the action of Γ on Y is also an almost boundary with compressible clopen subsets. Now the Γ-spaces X and Y are highly proximally equivalent by Theorem 2.5, and by Lemma 2.2 and Proposition 2.3 the property of being an almost boundary with compressible open subsets is invariant under highly proximal equivalence. Hence the space X also has this property. That the group Γ is monolithic then follows from the double commutator lemma, see Proposition I in [12] . So we have shown that (i) holds.
Since the action of G on Y is faithful and micro-supported, by the double commutator lemma again we see that for every non-trivial normal subgroup N, there exists a non-empty clopen subset U ⊆ Y such that N ≥ Rist G (U) ′ . In particular N has a non-trivial intersection with the image of Γ. Therefore G/N is virtually nilpotent. In particular, if N is closed, then G/N is residually discrete by Proposition 3.5, so that Res(G) ≤ N. Since G is not residually discrete, we infer that the monolith M of G coincides with Res(G). In particular G/M is compact-by-discrete in view of Proposition 3.7. That M is not amenable follows from Theorem 3.17. So (ii) is proved.
Finally if in addition the Γ-action on X is strongly just-infinite, then by Proposition 4.9 the action of Γ on X extends to an action of G, which is faithful since the action of G on Y is faithful by (ii). This shows (iii).
Remark 5.5. In the setting of the above theorem, it is not true that all microsupported actions of Γ will extend to the Schlichting completion; see Remark 6.7. So the assumption in (iii) that the action is strongly just-infinite is necessary.
Theorem 5.4 has at least two possible directions of applications: a) If the action of Γ on X is known not to satisfy conclusion (i), then by the theorem we deduce that Γ does not admit any commensurated subgroup as in (1) 
Applications
In this section we apply the results of Sections 4 and 5 to several classes of groups admitting a micro-supported action.
6.1 Topological full groups.
6.1.1 Preliminaries. If Λ is a group acting on a compact space X, we denote by F(Λ, X) the associated topological full group. Recall that F(Λ, X) is the group of homeomorphisms g of X such that for every x ∈ X there exist a neighbourhood U of x and an element γ ∈ Λ such that g(y) = γ(y) for every y ∈ U. Given a non-empty clopen subset U of X and elements γ 1 , . . . , γ n ∈ Λ such that γ 1 (U), . . . , γ n (U) are pairwise disjoint, there is an injective group homomorphism Sym(n) → F(Λ, X), σ → g σ , where g σ is defined by g σ (x) = γ σ(i) γ −1 i (x) if x ∈ γ i (U), and g σ (x) = x if x / ∈ ∪γ i (U). The alternating full group A(Λ, X), introduced by Nekrashevych in [33] , is the subgroup of F(Λ, X) generated by the images of the alternating groups Alt(n) under all such homomorphisms.
The following is [33, Theorem 4.1] (see also [30] ). Theorem 6.1. Let Λ X be a minimal action on a Cantor space X.Then every non-trivial subgroup of F(Λ, X) that is normalized by A(Λ, X) contains A(Λ, X). In particular A(Λ, X) is simple and is contained in every non-trivial normal subgroup of F(Λ, X).
Recall that an action Λ X on a Cantor space X is expansive if there exist a compatible metric d and δ > 0 such that for every x = y ∈ X there exists γ ∈ Λ such that d(γ(x), γ(y)) ≥ δ. For the following, see Proposition 5.7 and Theorem 5.10 in [33] . Theorem 6.2. Let Λ be a finitely generated group, and Λ X a minimal and expansive action on a Cantor space X. Then the group A(Λ, X) is finitely generated.
6.1.2 Absence of commensurated subgroups. The goal of this paragraph is to prove Theorem 6.4. We will use the following lemma:
X be a minimal action on a Cantor space X, and let Γ = A(Λ, X). If x, y ∈ X are distinct, then Γ 0
x , Γ 0 y = Γ.
Proof. Let H = Γ 0 x , Γ 0 y , and let O x be the Γ-orbit of x in X. We check that H contains Γ 0 z for every z ∈ O x . That will imply that H contains the normal subgroup generated by Γ 0
x , and hence that H = Γ byecause Γ is simple by Theorem 6.1.
So given z ∈ O x , we wish to show that H contains Γ 0 z . Clearly we may assume that z is distinct from x and y, and it is enough to show that there exists g ∈ H such that g(x) = z, because then Γ 0 z = gΓ 0 x g −1 ≤ H. If z ′ is a point in O x different from x, y, z, it is possible to find three disjoint clopen subsets U x , U z , U z ′ containing respectively x, z, z ′ and not contaning y, and elements γ 1 , γ 2 , γ 3 ∈ Λ such that γ 1 (U x ) = U z and γ 1 (x) = z, γ 2 (U z ) = U z ′ and γ 3 (U z ′ ) = U x . The homeomorphism g of X that coincides on U x , U z and U z ′ respectively with γ 1 , γ 2 and γ 3 and which acts trivially outside U x ∪ U z ∪ U z ′ is an element of Γ by definition of the alternating full group, and by construction g acts trivially on a neighbourhood of y. Hence g belongs to H, and g(x) = z, so the statement is proved. Theorem 6.4. Let Λ be a finitely generated group, and Λ X a minimal and expansive action on a Cantor space X such that A(Λ, X) X does not admit any compressible open subset. Let Γ be a subgroup of F(Λ, X) that contains A(Λ, X). Then every commensurated subgroup of Γ is either finite or contains A(Λ, X).
Proof. We first treat the case Γ = A(Λ, X). Recall that under the present assumptions, Γ is a finitely generated simple group (Theorems 6.1 and 6.2), and the action of Γ on X is strongly just-infinite by Lemma 6.3. Hence all the assumptions of Theorem 5.4 are verified. Hence according to part (i) of this theorem, if Γ has a commensurated subgroup that is of infinite index and not virtually contained in a normal subgroup of infinite index, then Γ X admits a compressible open subset. By our assumption this is not the case. So Γ has no commensurated subgroup as above, and since Γ is simple this is equivalent to saying that every commensurated subgroup of Γ is either finite or equal to Γ.
We now consider an arbitrary subgroup Γ of F(Λ, X) that contains A(Λ, X). Suppose that Σ is a commensurated subgroup of Γ that does not contain A(Λ, X). Then Σ ′ = Σ ∩ A(Λ, X) is a proper commensurated subgroup of A(Λ, X), and hence is finite according to the previous paragraph. Therefore since A(Λ, X) is normal in Γ, we infer that every element of A(Λ, X) centralizes a finite index subgroup of Σ. Since A(Λ, X) is a finitely generated group, it follows that the entire A(Λ, X) centralizes a finite index subgroup of Σ. Since A(Λ, X) has trivial centralizer in F(Λ, X) by Theorem 6.1, the subgroup Σ must be finite, as desired.
Note that Theorem 1.2 and Corollary 1.3 follow from Theorem 6.4. In the following example we illustrate that these results fail if we remove one of the assumptions. Example 6.5. Let ϕ denote the odometer on X := Z p , i.e. the homeomorphism of Z p defined by x → x + 1, and write Λ = ϕ . The topological full group F(Λ, X) is considered in details in [21, Example 4.6] . It is an infinite group such that every finitely generated subgroup is virtually abelian.
The action of Λ on X is minimal but not expansive. If T p is the p-regular rooted tree naturally associated to Z p (the coset tree associated to the sequence of subgroups (pZ p , p 2 Z p , . . .)), then Aut(T p ) is naturally a subgroup of Homeo(X). The subgroup Σ := Aut(T p ) ∩ F(Λ, X) of F(Λ, X) is easily seen to be infinite, of infinite index, and commensurated in F(Λ, X); and Σ ∩ A(Λ, X) is also infinite, of infinite index, and commensurated in A(Λ, X). Hence this example shows that the expansivity of the action of Λ on X in Theorem 1.2 and Corollary 1.3 is an essential assumption. Now remark that the action of F(Λ, X) is minimal and expansive, but the group F(Λ, X) is not finitely generated. Since F(Λ, X) is equal to its own topological full group, the previous paragraph also shows that Theorem 1.2 and Corollary 1.3 also fail without the finite generation assumption on the original acting group. 6.1.3 Extension of the action to the ambient group. This paragraph deals with the situation where there exist non-discrete tdlc groups into which the group A(Λ, X) embeds densely. Examples of such groups are the Higman-Thompson groups, or topological full group associated with a one sided shift of finite type; see Section 6.1.4. Theorem 6.6. Let Λ be a finitely generated group, and Λ X a minimal and expansive action on a Cantor space X. Assume that G is a tdlc group into which A(Λ, X) embeds as a dense subgroup. Then the action of A(Λ, X) on X extends to an action of G on X.
Proof. Clearly we may assume that G is not discrete. The group A(Λ, X) is finitely generated by Theorem 6.2, so G is compactly generated. Moreover A(Λ, X) is simple by Theorem 6.1, so G does not have any discrete quotient. Hence by Proposition 3.4 G has a topologically simple quotient Q, and A(Λ, X) embeds densely in Q. Since the action of A(Λ, X) on X is strongly just-infinite by Lemma 6.3, we can apply Corollary 4.10, which says that the action of A(Λ, X) extends to the group Q. Since Q is a quotient of G, in particular we have shown that the action extends to an action of G.
6.1.4
Examples of dense embeddings of topological full groups. We denote by V d,k the Higman-Thompson group with parameters d ≥ 2 and k ≥ 1 acting on the Cantor space X d,k = {1, . . . , k}·{1, . . . , d} N by prefix replacement. We refer to [22] for a precise definition of these groups. Alternatively, V d,k can be defined as the topological full group of a certain one sided shift of finite type [31] . In particular V d,k is equal to its own topological full group.
The group V d,k admits an embedding with dense image in a non-discrete tdlc group, namely the group AAut(T d,k ) of almost-automorphisms of the quasiregular rooted tree T d,k [7] . In particular V d,k admits an infinite and infinite index commensurated subgroup. This fact has been recently generalized by Lederle, who showed that more generally every topological full group associated with a one sided shift of finite type admits infinitely many pairwise non-commensurate commensurated subgroups [28] .
The group V d,k is well-known to be finitely generated and simple, and it is easy to see that its action on the Cantor X d,k is strongly just-infinite. Hence it follows that V d,k satisfies all the assumptions of Theorem 5.4(iii), so that for every dense embedding of V d,k into a tdlc group G, the action of V d,k on X d,k extends to G. Remark 6.7. In the above situation, it is not true that every minimal and microsupported action of V d,k extends to G, and hence the assumption in Theorem 5.4(iii) that the action is strongly just infinite is necessary. For example in the case of G = AAut(T d,2 ) mentionned above (into which the group V d,2 embeds densely), the group G admits a unique minimal and micro-supported action. This follows from the fact that G and the group Aut(T d+1 ) of automorphisms of the non-rooted regular tree of degree d+1 have isomorphic open subgroups (and hence have the same centralizer lattice) together with the fact that Aut(T d+1 ) has a unique minimal and micro-supported action [12, Theorem B.2] . So it follows that the action of V d,2 on X d,2 is actually the unique minimal and microsupported action that extends to G.
Branch groups.
Let T be a locally finite rooted tree, and Γ a group of automorphisms of T . We denote by ∂T the boundary of T . Given a vertex v ∈ T , we denote by T v the subtree of T that is below v, and by ∂T v the associated clopen subset in ∂T . Note that the Γ-action on T extends to an action by homeomorphisms on ∂T . We will denote by Rist Γ (v) := Rist Γ (∂T v ) the rigid stabilizer of v. For n ≥ 1, we also denote by Rist Γ (n) the rigid stabilizer of level n, that is the subgroup generated by Rist Γ (v) when v ranges over vertices of level n. Recall that the action of Γ is branch if Γ acts transitively on each level of the tree (or, equivalently, if Γ acts minimally on ∂T ) and if Rist Γ (n) has finite index in Γ for all n ≥ 1.
We will invoke the following result of Grigorchuk [20] . Theorem 6.8. Let Γ ≤ Aut(T ) be a branch group, and N a non-trivial normal subgroup of Γ. Then there exists a level n ≥ 1 such that Rist Γ (n) ′ ≤ N. In particular every proper quotient of Γ is virtually abelian.
We now give the proof of Theorem 1.6 by applying Theorem 5.4.
Proof of Theorem 1.6. The group Γ is j.n.v.n. by Theorem 6.8. If T is a rooted tree on which Γ admits a faitful branch action, then the action of Γ on X = ∂T is faithful, minimal and micro-supported. Since in addition every normal subgroup of Γ is finitely generated by Corollary A.5 of the appendix, it follows from part (2) of Theorem 5.4 that if Γ had a commensurated subgroup that is not commensurate to a normal subgroup, then conclusion (i) of the theorem would hold; which is clearly not the case here. So every commensurated subgroup of Γ is commensurate to a normal subgroup, and the statement is proved.
If Γ is a finitely generated just-infinite branch group, Theorem 1.6 says that every commensurated subgroup of Γ is finite or of finite index. In this special case this result has been proved by different means by Wesolek in [41] . Hence Theorem 1.6 extends Wesolek's result to arbitrary finitely generated branch groups.
6.3 Groups acting on the circle. We denote by Homeo(S 1 ) the homeomorphism group of the circle S 1 , and by Homeo + (S 1 ) the subgroup of index two consisting of orientation preserving homeomorphisms. Given a subgroup Γ ≤ Homeo(S 1 ), we denote by Aut Γ (S 1 ) the centralizer of Γ in Homeo + (S 1 ). Recall the following well-known classification: either Γ has a finite orbit in S 1 ; or Γ admits an exceptional minimal set (i.e. there exists a unique closed non-empty minimal Γ-invariant subset K ⊂ S 1 , and K is homeomorphic to a Cantor set); or Γ acts minimally on S 1 . See proposition 5.6 in [15] . Moreover for minimal actions we have the following result (see §5.2 in [15] ). Theorem 6.9. Assume that Γ ≤ Homeo + (S 1 ) acts minimally on S 1 . Then either Aut Γ (S 1 ) is infinite and Γ is conjugate to a group of rotations, or Aut Γ (S 1 ) is a finite cyclic group, and the action of Γ on the topological circle Aut Γ (S 1 )\S 1 is proximal.
We will use the following lemma. Lemma 6.10. Let Γ be a subgroup of Homeo + (S 1 ) that is minimal and not conjugated to a group of rotations, and let Λ be an infinite commensurated subgroup of Γ. Then the action of Λ on S 1 is minimal.
Proof. We have to show that Λ cannot have a finite orbit or an exceptional minimal set. Upon passing to the action on Aut Γ (S 1 )\S 1 , by Theorem 6.9 we may assume that the action of Γ on S 1 is proximal. Note that here this is equivalent to saying that every proper closed subset is compressible.
Suppose that Λ has a finite orbit in S 1 . Then upon passing to a finite index subgroup, we may assume that the set F of Λ-fixed points is non-empty. Note that F is not the entire circle since Λ is infinite. Consider the action of Λ on a Λ-invariant open interval in the complement of F . By considering powers of a suitable element, we see that there exists a non-empty open interval I such that every finite index subgroup of Λ contains an element λ such that λ(I) and I are disjoint. Fix such an interval I. By minimality and proximality of the Γ-action, there is γ ∈ Γ such that γ(F ) ⊂ I. It follows that Λ ∩ γΛγ −1 is a finite index subgroup of Λ that fixes γ(F ) ⊂ I, and we obtain a contradiction with the definition of I.
Suppose now that Λ has an exceptionel minimal set K. Again by minimality and proximality, we can find γ ∈ Γ such that γ(K) lies in a connected component J of the complement of K in S 1 . Then the subgroup Λ ∩ γΛγ −1 stabilizes K and γ(K). Hence Λ ∩ γΛγ −1 stabilizes J, and therefore cannot be of finite index in Γ. Contradiction.
Whenever Γ is a subgroup of Homeo(S 1 ), we denote by Γ 0 the subgroup of Γ generated by the Γ 0
x , x ∈ S 1 . Equivalently, Γ 0 is the subgroup of Γ generated by the elements that fix pointwise an open interval in S 1 . Proposition 6.11. Let Γ be a subgroup of Homeo + (S 1 ) that is minimal and micro-supported. Then Γ is monolithic, with monolith M = [Γ 0 , Γ 0 ], and M is simple.
Proof. Since the action of Γ on the circle is micro-supported, the group Aut Γ (S 1 ) must be trivial, and hence the action of Γ is proximal by Theorem 6.9. Since here proximality is equivalent to the fact that every proper closed subset is compressible, the statement then follows from a general result about such actions, see Proposition 4.6 in [25] .
We are now ready to prove Theorem 1.7 from the introduction.
Proof of Theorem 1.7. First observe that since the action of Γ on the circle is micro-supported, the group Aut Γ (S 1 ) must be trivial, and hence the action of Γ is proximal by Theorem 6.9.
Suppose that ϕ : Γ → G is a dense embedding of Γ into a tdlc group G. We aim to show that G is discrete. Upon passing to a subgroup of index at most two, we may assume that Γ acts on S 1 by preserving the orientation. We argue by contradiction and assume that G is not discrete. Let U be a compact open subgroup of G, and Λ = ϕ −1 (U). The subgroup U is an infinite commensurated subgroup of Γ, and hence acts minimally on the circle by Lemma 6.10. Consider the space E ϕ (S 1 ) and S ϕ,G (S 1 ) constructed in Section 4.2. Since the extension E ϕ (S 1 ) → S 1 is almost one-to-one by Proposition 4.2, Λ also acts minimally on E ϕ (S 1 ), and hence also on S ϕ,G (S 1 ). Therefore S ϕ,G (S 1 ) is a compact G-space on which every compact open subgroup of G acts minimally. This is possible only if S ϕ,G (S 1 ) is a point, so S ϕ,G (S 1 ) = {N} for some closed normal subgroup N of G. By definition of S ϕ,G (S 1 ), it follows that there is a dense subset X ϕ ⊆ S 1 such that ϕ(Γ 0
x ) = N for every x ∈ X ϕ . Now if z ∈ S 1 is arbitrary and γ is an element of Γ 0 z , then by density we can find x ∈ X ϕ such that γ ∈ Γ 0 z . Hence it follows that N contains ϕ(Γ 0 ), and hence N = ϕ(Γ 0 ). Since Γ 0 has finite index in Γ by assumption, it follows that N has finite index in G, and that N is compactly generated. According to It is a non-trivial normal subgroup of Γ, and hence contains the monolith M of Γ, and M is simple by Proposition 6.11. Since no simple group can embed into a profinite group, we have obtained a contradiction. Now let Λ be a commensurated subgroup of Γ, and assume for a contradiction that Λ is not commensurate to a normal subgroup of Γ. Since Γ 0 has finite index in Γ by assumption, every proper quotient of Γ is virtually abelian by Proposition 6.11. Hence by Lemma 5.2 the homomorphism Γ → Γ/ /Λ is injective. But we have seen in by the previous paragraph that this implies that Γ/ /Λ is discrete, so we have obtained a contradiction. So Λ must be commensurate to a normal subgroup of Γ, and the statement is proved. Example 6.12. Fix two integers ℓ, k ≥ 1. Consider some integers n i ≥ 2, and write n = (n 1 , . . . , n k ). Let P be the multiplicative group of R + >0 generated by n 1 , . . . , n k , and we denote by A = Z[1/n 1 , . . . , 1/n k ] the ring of n-adic rationals, ie rational numbers whose denominator is in P . Denote by T (ℓ, A, P ) the group of piecewise linear homeomorphisms of R/ℓZ with finitely many breakpoints, all in A, with slopes in P , and which preserve the n-adic rationals. In case ℓ = k = 1 and n 1 = 2, the group T (1, Z[1/2], 2 Z ) is Thompson's group T .
If we write Γ = T (ℓ, A, P ), the quotient Γ/Γ 0 is finite, and was described in [39] (see Theorem 5.2 and Lemma 5.4 there). Hence Theorem 1.7 applies to this family of groups. In the case ℓ = k = 1 and n 1 = 2, we recover the fact from [27] that every proper commensurated subgroup of Thompson's group T is finite.
6.4 Dense embeddings between tdlc groups. In this final section, we apply the results of this paper to the situation where ϕ : H → G is a continuous homomorphisms with dense image and G, H are both non-discrete tdlc groups. General results on dense embeddings into such topologically simple groups have been established in [10] . We start by recalling some terminology from loc. cit.
Following [10] , we say that a tdlc group G is expansive if there exists a compact open subgroup U ≤ G such that g∈G gUg −1 = 1. When G is compactly generated, this is equivalent to asking that G admits a Cayley-Abels graph on which it acts faithfully. We say that G is regionally expansive if G contains a compactly generated open subgroup that is expansive. Notice that any such group G is first countable. We will also use the following terminology from [10] . Definition 6.13. We say that a tdlc group G is robustly monolithic if G is monolithic, and its monolith is non-discrete, regionally expansive and topologically simple. The class of robustly monolithic tdlc groups is denoted by R.
By definition a group in R is necessarily non-discrete. It turns out that a group in R is itself regionally expansive [10, Proposition 5.1.2], and hence in particular first countable.
Notice the inclusion S td ⊂ R, where S td is the class of compactly generated tdlc groups that are non-discrete and topologically simple. The main motivation to introduce the class R is provided by [10, Theorem 1.1.2], which ensures the class R is stable under taking dense locally compact subgroups. More precisely, given a continuous injective homomorphism of tdlc groups ϕ : H → G with dense image such that H is non-discrete and G ∈ R, then H ∈ R. In particular, every non-discrete dense locally compact subgroup of a group in S td belongs to R (but it may fail to be in S td ). Thus the centralizer lattice LC(G) is a Boolean algebra, and its Stone space Ω G satisfies the universal property from Theorem 3.15. The following result refines this universal property by providing additional information on the factor maps between Ω G and the faithful, micro-supported, compact G-spaces. The notions of maximal highly proximal extension and highly proximal equivalence have been defined in Section 2. Theorem 6.15. Let G ∈ R. Then all faithful, micro-supported, totally disconnected compact G-spaces are minimal and highly proximally equivalent. Their common maximal highly proximal extension is Ω G .
The proof requires the following result, which is of independent interest. Proposition 6.16. Let G be a tdlc group that is regionally expansive, [A]semisimple and monolithic. Then for extension π : Y → X between faithful, micro-supported, totally disconnected compact G-spaces, there exists a point x ∈ X such that π −1 (x) is compressible. In particular if X, Y are minimal then π is highly proximal.
Proof. Let LC(G) be the centralizer lattice. In view of Theorem 3.15, we may identify X and Y with the Stone spaces of G-invariant Boolean subalgebras A X ⊆ A Y of LC(G).
By [ We may therefore invoke [12, Theorem 6.19 ]. This ensures that there exists α 0 ∈ A X with α 0 > 0 such that for any β ∈ LC(G), there exists g ∈ O with gα 0 ≤ β.
Let now x be a point of X contained in the clopen α 0 . Let F x be the ultrafilter on A X representing x. We set
Notice that π * (F x ) is the filter on A Y which corresponds to the fiber π −1 (x). Given any β > 0 in A Y , we have seen that there exists g ∈ O with gα 0 ≤ β. Therefore g −1 β ∈ π * (F x ). This implies that the fiber π −1 (gx) = gπ −1 (x) is contained in the clopen subset β, and hence this fiber is compressible. If in addition X is minimal then this implies that all fibers are compressible, and π is highly proximal.
Proof of Theorem 6.15. By [10, Theorem 1.2.6], the G-action on Ω G is minimal (and strongly proximal). By Theorem 3.15, every totally disconnected compact G-space X on which the G-action is faithful and micro-supported is a G-factor of Ω G . In particular the G-action on X is minimal. By Proposition 6.16, any G-map Ω G → X is highly proximal. Moreover, given any highly proximal extension π : Y → X, the G-action on Y is micro-supported by Proposition 2.3, and hence by Theorem 3.15 there is a factor G-map Ω G → Y . This proves that Ω G satisfies the property defining the maximal highly proximal extension of X.
Behavior
of Ω G with respect to dense embeddings. Theorem 6.17. Let G, H ∈ R and ϕ : H → G be a continuous injective homomorphism with dense image, and assume that G is compactly generated. Suppose in addition that H/Mon(H) is compact, or that G/Mon(G) is compact.
If Ω H is non-trivial, then the H-action on Ω G is faithful and micro-supported, and there exists a H-map Ω H → Ω G that is a highly proximal extension.
Theorem A.4. Let G be a finitely generated weakly branch group acting on a spherically homogeneous locally finite rooted tree T . If Rist G (n) is finitely generated and if G/ Rist ′ G (n) is Noetherian for all n ∈ N, then every normal subgroup N G is finitely generated.
Proof. If N = 1, then it is obviously finitely generated. Let us now assume that N = 1.
Since G is a weakly branch group, its action on the boundary of the rooted tree T , which is homeomorphic to the Cantor set, is micro-supported. If we assume that Rist G (n) is finitely generated for all n ∈ N, it then satisfies the hypotheses of Lemma A.1. Therefore, there must exist a vertex v ∈ T on level n ∈ N and a finitely generated subgroup H ≤ N such that Rist ′ G (v) ≤ H. Let {t 1 , . . . , t k } be a transversal of St G (v), so that Rist ′ G (n) = k i=1 Rist ′ G (t i v). Then, the subgroup generated by k i=1 t i Ht −1 i is a finitely generated subgroup of N, since H is finitely generated and N is normal, and it contains Rist ′ G (n), since it contains t i Rist ′ G (v)t −1 i = Rist ′ G (t i v) for all 1 ≤ i ≤ k. Let us consider the quotient G/ Rist ′ G (n). By assumption, every subgroup of this group is finitely generated. In particular, N/ Rist ′ G (n) is finitely generated. Since Rist ′ G (n) is contained in a finitely generated subgroup of N, we conclude that N itself must also be finitely generated.
Corollary A.5. Every normal subgroup of a finitely generated branch group is finitely generated.
Proof. It suffices to check that a finitely generated branch group G satisfies all the hypotheses of Theorem A.4. Such a group is obviously weakly branch. Furthermore, for all n ∈ N, Rist G (n) is of finite index in G by definition, and thus is finitely generated. The only thing left to verify is that G/ Rist ′ G (n) is Noetherian for all n ∈ N. However, since Rist G (n) is of finite index in G, the group G/ Rist ′ G (n) is a finitely generated virtually abelian group, and it is well-known that such a group is Noetherian.
